The paper describes a simple analytical approximation for the inductance of two-wire transmission lines of circularly cylindrical wires with proximity effect. It yields precise results up to very high frequencies and at all interaxial distances between the wires above some limit. Its accuracy is established by comparison to numerical computations and to measurements. It is shown that the proximity effect cannot be neglected unless the interaxial distance between the wires amounts to at least four wire diameters. Further, figures of the current distribution in various situations are discussed.
Introduction
At high frequencies inductance decreases compared to its value at DC (direct current) due to skin effect, which has been well documented for wires of circular, annular, and rectangular cross section [1] - [6] . In a two-wire transmission line, the inductance is further reduced by the proximity effect ( [3] , p. 304-306). Kennelly et al. presented results of precise inductance and resistance measurements on rectangular loop coils composed of circularly cylindrical copper wires at various wire distances and frequencies [5] . Some of these measurements entailed the proximity effect. For simplicity, we will henceforth just write cylindrical instead of circularly cylindrical. Amazingly, despite the importance of the cylindrical two-wire transmission line in radio frequency engineering, the literature on inductance calculation taking the proximity effect into account seems rather scarce. Tsuk and Kong compared Kennelly's results with their numerical calculations, which were based on a combination of the "finite filament method" with an integral equation approach [7] . To apply the finite filament method to conductors of circular cross section, they divided the wires into filaments of triangular cross section instead of the usual rectangular one, and they derived an analytical expression for the GMD (geometric mean distance) between triangles [7] . Carson gave a series solution for the resistance [8] . Wang derived a series representation for the internal partial self-inductance of the two wires [9] . But to be able to compute the total inductance, one also needs expressions for the external and the mutual inductance, which he didn't provide. The conclusion is that, as of today, calculating inductance considering the proximity effect remains an ambitious task. There seems to be no way around extensive numerical calculations. For engineering purposes it would be very helpful to have a simple calculational method at hand. Further, it even seems that no systematic calculations covering a comprehensive range of wire distances and frequencies have yet been reported. Also, we couldn't find any figures of current distribution in the literature. In this paper we intend to fill these gaps. We describe a simple yet precise analytical approximation for the inductance of a cylindrical two-wire transmission line that takes the proximity effect into account. We verify it by means of systematic numerical calculations for a set of interaxial wire distances and frequencies. In section 2 we describe the numerical method used. In section 3 we report the results obtained, and we also discuss figures of the current distribution in various situations. Section 4 introduces our analytical approximation and tests it against the numerical results. In section 5 we compare it to measurements reported in the literature and to own measurements. Conclusions are given in section 6.
Numerical solution method
In its original form, the "finite filament method" is based on the cross-sectional subdivision of the conductor into many equal filaments of small but finite rectangular cross section, all the same length as the conductor [3] , [10] . Obviously, the method is perfectly suited for conductors of rectangular cross section. The conductor is modelled as a parallel connection of magnetically coupled filaments. Thus, the potential differences along all filaments are prescribed to be identical. The distribution of current within a filament is assumed to be uniform. But the magnitude of the current varies from filament to filament according to the current distribution in the wire cross section resulting from the calculation, which is subject to the skin and proximity effect caused by the coupling between the filaments. The solution is found by solving a system of linear equations involving a huge matrix of impedances. Its diagonal elements are the impedances of the filaments formed by their partial selfinductance and resistance. Its off-diagonal elements account for the mutual magnetic coupling between any two of the filaments. The method relies on the fact that the selfinductance of and the mutual inductance between the filaments can be calculated analytically. One way to do this is to use an analytical expression for the GMD between the rectangular cross sections of the filaments [3] , [10] . Tsuk and Kong stated that "Since the method is limited to rectangular elements, it is not capable of handling this case" (i.e. the conductor of circular cross section, [7] , p. 1343). We show this statement to be wrong. The finite filament method using filaments of square cross section can well be applied to cylindrical wires. As an example, we mention the calculation of the partial inductance of a single cylindrical wire with skin effect. The application of the method is simple: The circular cross section is embedded in a square, which is divided into × subsquares. Only those subsquares whose central point lies within the cross section of the wire are selected to represent a filament. Amazingly, with only 7 × 7 subsquares, the inductance of a wire of 0.5 mm radius at a frequency of 2 MHZ (the radius is more than 10 times larger than the skin depth) obtained by this method is accurate to 1 % (if the length is at least 25 times larger than the radius). Unfortunately, the experience gained with single wires with skin effect cannot be transferred to two-wire transmission lines with proximity effect. The latter require much larger numbers of filaments, as we shall see. This is a result of the break-up of circular symmetry in the current distribution with proximity effect. The inductance depends on four parameters (apart from the temperature and the wire material): the length of the transmission line, the radius of the wires, their interaxial distance , and the frequency . We can reduce the dimensionality of the wanted fitting function for the analytical approximation to two by defining normalized parameters which depend only on the relative interaxial distance and the relative wire radius instead of the absolute ones. If the two arguments of the wanted fitting function are relative size parameters, then the approximation will be valid for any size of the transmission line. First, we define the relative interaxial wire distance by normalizing the absolute distance to the radius :
(1)
We adopt the natural definition of the relative wire radius or normalized frequency parameter (proportional to the square root of the frequency ) as the ratio of the radius to the skin depth :
with the skin depth
where 0 is the magnetic permeability of the vacuum, 0 = 4 • 10 −7 Vs/(Am), and is the conductivity of the wire material. In our finite filament calculations, we used = 5.9595 • 10 7 Ω −1 m −1 , corresponding to the resistivity = 1/ = 1.678 • 10 −8 Ωm of copper at 20 ℃ ([11], = 293 K). At last, we don't want to approximate the inductance directly because it still depends on a third variable besides and , namely, the length . So, we also need to normalize the inductance somehow to get rid of this third variable, to keep the target function to be fitted two-dimensional. In principle, we could just take the inductance per unit length since the inductance of two-wire transmission lines is proportional to their length, at least if ≫ . But there is a better choice: the normalization to the inductance , in which only the skin effect is considered. Since is also proportional to , the dependency on cancels out. Only then did we succeed in finding a simple fitting function when the dependencies on and due to the skin effect alone had already been normalized out by means of . This choice of the ratio / as the target quantity to be fitted is further justified by the fact that can easily be calculated analytically. It is given by
where 1 is the partial self-inductance of a single wire including skin effect only. For ≫ it is given by ( [12] , equation (29) multiplied by , with equation (31) added),
where is the wave number within the wire,
with being the imaginary unit, Im denoting the imaginary part, J 0 and J 1 the (complex) Bessel functions of first kind and orders 0 and 1, respectively, and where log refers to the natural logarithm, as throughout the paper. The quantity 12 in equation (4) is the mutual inductance between the two wires with skin effect only. Due to the circularly symmetric current distribution when there is only skin effect, the mutual inductance may be well approximated by the formula for the mutual inductance of two parallel filaments (of infinitely small cross section), of length and mutual distance ( [13] , equation (12) 
In textbooks it is usually assumed that ≫ . Substituting equations (5) and (7) into equation (4) and exploiting that assumption, we find
which, in the DC limit → 0, yields the well-known formula
In equations (8) and (9), the proportionality of the inductance to is explicitly visible. But it is better not to rely on approximation (8) and to use the more precise equations (4) - (7) instead. In the evaluation of our own measurements in section 5, where ≥ 22 • after all, the approximation (8) would lead to an error of 5 % in and, consequently, also in . For even shorter relative lengths, equation (5) and, eventually, equation (7) should be modified to include also other mean distances besides the GMD ( [14] , equations (33) and (62), respectively). We wanted to compute the ratio / for a dense enough set of parameters and allowing us to precisely fit and interpolate the data with a smooth two-dimensional function, and we wanted the domain of this function to be as large as possible. We chose the lower limit = 2.05 . Smaller values closer to the physical limit = 2 might be of interest, but they would have led to computations exceeding the resources available to us. Smaller -values demand bigger resources. With increasing the proximity effect drops quickly. Beyond ≥ 10 it has decreased to the extent that the two wires can be regarded as separated, i.e. only the skin effect remains, at least as far as the inductance is concerned. So, there is no need to go beyond = 10. Parameter cannot be made zero because in equation (5) we have in the denominator, which becomes zero when is zero. We chose the lower limit = 0.05. This corresponds to 42.5 Hz for = 0.5 mm and to a skin depth of 10 mm. It represents the DC case very well. The upper limit = 100 was again dictated by the limits of our computational resources. So, we chose the following 16 values of the wire distance parameter : = 2.05, 2.1, 2. It was clear that the higher , the more filaments we needed. But how many do we need exactly? A rule of thumb says that the cross-sectional side length of a filament should not exceed half the skin depth. At = 100, we have 100 skin depths along a radius, as per definition (2), or 200 skin depths along a diameter. If we follow the above rule of two filaments per skin depth, we have = 400 filaments along a diameter, or 400 × 400 subsquares in a square of width one diameter. For two squares for the two wires this results in a total of 320′000 subsquares, of which 251′324 have their central point within the wire cross section and are thus chosen as filaments. In the computer code, this would lead to two complex-valued matrices of size 251′324 × 251′324, using more than 1 TByte of RAM (random access memory) each, which lies far beyond the storing capacity of any PC (personal computer). Moreover, two filaments per skin depth are not even enough, as we shall see! One possible remedy would be to adapt the cross-sectional size of the filaments, so that their number increases towards the surface of the wires. A simpler method is to select only those subsquares as filaments whose central point lies within some multiple of the skin depth below the surface. This is possible because beyond that distance from the surface the filament current has nearly vanished. Suppose and are the rectangular coordinates of the central axis of a filament, with the origin in the axis of the wire. The radial coordinate of the central axis of the filament is then = √ 2 + 2 . The radial coordinate of a point some multiple of the skin depth below the surface is = − . The condition for a subsquare to be selected as a filament is then simply expressed by ≤ ≤ . Now we are free to define a reasonable number of filaments per skin depth, , without the storage requirements exploding. To ensure a reasonable precision at low , we introduce a third and last parameter defining the problem size, namely, the minimum number of to be taken in any case. By assigning numbers to the three parameters , , and , the equivalent number of filaments can be computed. The question now was: How large should these three parameters be? There was no way to calculate them beforehand. All we could do was to start with some values, and then to gradually increase them one by one and see how the plots of the results in function of and evolved. We started with the parameter set ( , , ) = (1,2,20), which led to matrices of size 5′120 × 5′120 at = 100. Fig. 1 shows the resulting curves of the ratio / in function of for = 2.05, 3.0, and 10.0. One clearly sees how the ratio decreases from unity at DC with increasing , the stronger so the closer the wires. In the finite filament method, a result for each of the two physical quantities 1 , which is the partial self-inductance of one of the wires, and 12 , which is the mutual inductance between the wires, can be extracted (from equation (6.75) in [3] ). Based on 1 and 12 , the final inductance of the transmission line is then calculated as
At DC and/or large wire distances, 1 equals 1 , and 12 equals 12 , so that / = 1. When the wires move closer together and the wire radius or the frequency is increased, both inductances decrease and both mutual inductances increase, so that the differences (4) and (10) both decrease. But because of the changing current distribution due to the proximity effect, 12 increases faster than 12 , so that the difference (10) decreases faster than (4) . Therefore, the ratio / sinks, see But the curves in Fig. 1 are not smooth. They exhibit kinks and other deviations due to lacking numerical precision. The insufficient precision is also revealed by the fact that the curve for = 10.0 significantly deviates from its ideal course, which would be a horizontal line close to unity. It turned out that we needed to increase the three parameters ( , , ) up to the values (4,5,80) before the curves of / in function of got smooth. Despite our sizereducing method, we had to deploy the computations to the external computing cloud EC2 by Amazon ® , which used Intel ® Xeon processors operating at 2.3 GHz and having up to 256 GByte RAM. The machines were designed for parallel processing. The access from within the programming language MATLAB ® was provided by The MathWorks ® company via the MATLAB Cloud Center using the MATLAB Parallel Computing Toolbox. Since we were the first Swiss customers using the MATLAB Cloud Center [15] , we profited from special support from The MathWorks company teams in Switzerland and England. Even so, in our case the parallel processing didn't speed up the calculations. Despite the large RAM available, we were forced to restrict the computations with the parameter set ( , , ) = (4,5,80) to only ≤ 40 . At = 40 the calculations required two complex-valued matrices of size 48′936 × 48′936 using 38 GByte of RAM each, two realvalued matrices of the same size using 19 GByte each, and three complex-valued matrices of size 24′468 × 24′468 using 9.5 GByte each, requiring a total of at least 142.5 GByte of RAM. The calculations for the parameter set ( , , ) = (4,5,80) for all 16 -values and for all ≤ 40 alone ran for five days and five hours! The computations for > 40 were done using the relaxed parameter set ( , , ) = (4,3,60). At = 100 this led to matrices of size 45′184 × 45′184. By means of applying a gliding mean between the results obtained with ( , , ) = (4,5,80) and those obtained with ( , , ) = (4,3,60), we got very smooth curves over the whole range of and , see section 3.
Results and discussion
With the final parameter sets described in section 2, we obtained results which can be expected to be reasonably precise and which are smooth. Fig. 2 shows the final curves of the ratio / in function of for = 2.05, 3.0, and 10.0. They are very smooth, and the curve for = 10.0 is a horizontal line close to unity, as it should be. The results clearly demonstrate the importance of taking the proximity effect into account. Fig. 2 shows that for very close wires, = 2.05, i.e. with a gap of 1/20 of a radius between the wires, at = 100 the inductance decreases to 34 % of the value it would have without proximity effect. In other words, the inductance calculated considering skin effect only is (1 − 0.34)/0.34 • 100 % ≅ 194 % too large! And even down to much lower at around = 10 the error is still close to 100 %! At the relative interaxial wire distance = 3, i.e. with a gap of one radius between the wires, neglecting the proximity effect leads to an inductance which is still about 14 % too large. The error remains above 10 % for down to = 10. To keep the error in neglecting the proximity effect below 1 %, the gap between the wires must encompass at least three wire diameters. Equivalently, the interaxial wire distance must be at least four wire diameters, or ≥ 8. 5 shows the normalized current distribution at low = 1.0 (17 kHz for = 0.5 mm). The current distribution is mostly uniform. There is no skin effect visible at both wire distances, i.e. there is no radial gradient in the current distribution, except in the horizontal direction where the current is slightly stronger on those sides of the wires facing each other. This horizontal gradient is a manifestation of the proximity effect, which already starts to become visible when the wires are far apart. When they move close together, the effect increases. Fig. 6 depicts the situation at moderately high = 5.0 (425 kHz for = 0.5 mm). Now the skin effect is clearly visible: There is a distinctive radial gradient from the center towards the surface in all directions in the wires. Already when the wires are far apart, the current distribution is clearly asymmetric due to the proximity effect, which tends to concentrate the current towards the near sides of the wires. At close distance the proximity effect strongly increases. The current on the far sides of the wires nearly vanishes. Fig. 7 shows the current distribution at high = 40 (27 MHz for = 0.5 mm). The effects are now dramatically more pronounced. At close distance the current is exclusively limited to those regions of the wires with the smallest inter-wire distance. Hence, the mutual inductance increases strongly. Due to equation (10) the total inductance decreases dramatically. 
Analytical approximation
Plots of the internal inductance of single wires with skin effect, normalized to the DC value, in function of ( [12] , Fig. 2 , where a similar parameter was used instead of ) resemble those of the ratio / of a two-wire transmission line with proximity effect, see Fig. 2 . This suggests that a generalized form of the type of function used there ( [12] , equations (38) and (57)) might also be applied here. But in [12] it depended only on , whereas here it must also depend on . One way to generalize it to a two-dimensional function is by making its constants functions of . Owing to the relation between the internal inductance and the GMD ( [12] , equation (12)), we must essentially take the negative logarithm of the expression in curly braces of ( [12] , equation (57)) to transform it to the internal inductance. Since we deal with a normalized inductance ( / ), the factor 1 of ( [12] , equation (57)) is irrelevant here. So is the additive constant, which just defined the boundary condition for = 0 there. To get the total inductance, we must add a term that does not depend on frequency, and, hence, neither on . But it is expected to depend on . This is the summand 1 ( ) in the bracket of equation (11) . The constant factor 2 of in ( [12] , equation (57)) is now a function of , 2 ( ). The exponent of , which was 4 in [12] , must now also be made a function of . We designate it by 3 ( ). The 4 th square root of [12] is identical to a power function of exponent 0.25. It may be left constant, but its value must be modified. We have found its optimum value to be 0.3660 by means of a non-linear fit. Further, we have changed the constant 1 prior to the minus sign of ( [12] , equation (57)) to the value 2 in the large parenthesis of equation (11) . The reason is that for = 0, the logarithm of the large parenthesis becomes exactly 0, leaving the summand 1 ( ) in the bracket. This makes it very easy to guarantee that the ratio / is exactly unity for = 0 for all , as it must be: We simply divide the bracket of equation (11) by 1 ( ). This explains the whole appearance of our fit function for the ratio / , which now reads
Now, the problem consisted in finding the analytical functions ( ), = 1,2,3. To this end, for each of the 16 values of enumerated in section 2, we solved an optimizing problem to minimize the maximum deviation of equation (11) in function of from our reference data of / described in section 2. The solution of each of these 16 problems was a triple of values ( ), = 1,2,3 in equation (11) for each value of . Thus, we obtained three smooth curves ( ), each one given at 16 sampling points . Fitting these three curves, in turn, led to the following functions of , which are defined for > 2 and were tested for ≥ 2.05,
2 ( ) = 1 16 log( − 2) + 0.5143 ,
3 ( ) = 1 3 log( − 2) + 3.0532 .
The occurrence of the argument ( − 2) is well justified because the lower physical limit of κ is exactly 2. Equations (11) - (14) define our analytical approximation. Of course, it can not only be applied to two-wire transmission lines, but also to rectangular coils of closely spaced cylindrical wires, as is done in section 5. In any case, with the help of this analytical approximation, calculating the total inductance with proximity effect is easy:
1. Calculate the normalized interaxial distance according to equation (1). 2. Calculate according to equations (2) and (3) To verify the approximation, we computed its maximum deviation from our reference data. The result was 3.0 %. It occurred at = 2.05 and = 90. For ≥ 3 the maximum deviation dropped to 0.4 %. Fig. 8 depicts a pseudo 3D plot of the percentaged relative deviation of the analytical approximation from the reference data for all and . It shows that for ≥ 3 the deviation is very small. 
Comparison with measurements
In this section we compare inductances calculated by means of the analytical approximation with results from measurements reported in the literature and from our own measurements. Kennelly et al. presented results of precision measurements of the total inductance of four very large rectangular loop coils, all the same length = 27 m, but of different and much smaller widths . They were composed of four cylindrical copper wires of diameter 1.168 cm. The measurements were taken at various frequencies ( [5] , Table IV ). In two of the coils the longer wires were sufficiently close together to be suitable for us to investigate the proximity effect, with gaps of 0.3 mm and 8 mm, respectively, corresponding to interaxial distances = 1.198 cm and = 1.968 cm, respectively. Since the length of both coils was more than 1′000 times larger than the width , the two wires of axial length forming the shorter sides of the rectangular coil could be neglected in calculating the inductance. Hence, we could regard the coils as two-wire transmission lines of length and interaxial distances , corresponding to = 2.0514 and = 3.3699, respectively. The specific resistance of copper in Ωm between 0 ℃ and 27 ℃ in function of the temperature in ℃ can be well approximated by the polynomial Table 1 . They were considered in the calculations via = 1/ and equations (2), (3), and (15). For = 3.3699, no temperatures were given for the first three measurements ( [5] , Table IV Table 2 . Tables 1 and 2 show the results of our calculations based on equations (11) - (14) The maximum deviation in Table 1 is 4.2 %. In Table 2 it is only 1.1 %, reflecting the higher accuracy of the analytic approximation for ≥ 3. But Kennelly's measurements are limited to moderately high < 7, whereas the largest deviation from the reference data occurred at the considerably higher = 90. So, one might suspect to find larger deviations at higher and at small normalized distances < 3.
To find out we conducted our own measurements at high frequencies. For this purpose we had two two-wire transmission lines fabricated by a tinsmith. Each of them consisted of two cylindrical copper rods of diameter ∅ = 20.0 mm and equal overall length mounted in parallel to form the two wires of the transmission line. One end was kept electrically open, and the other was short-circuited. On the open side and in the middle, the long parallel wires were supported by a thin hard rubber disk for increased stability and uniform interaxial distance . The short-circuit was realized by a short piece of the same type of rod. It was welded to the parallel long rods at a right angle by means of 45 °-slants in both the short rod and the long ones, see Calculations showed that a deviation of 1 % in the gap between the long wires would result in a deviation in the inductance of less than 0.5 %. So, we specified a deviation of roughly 1 % in the gap for the attention of the tinsmith. This was checked on the delivered product with a caliper of 0.01 mm resolution at six positions evenly distributed along the whole length of the transmission line several times, and a mean value was determined for each position. The results for the first transmission line were 3.91, 3.81, 3.83, 3.86, 3.86, and 3.86 mm, respectively. The mean value was 3.86 mm, and the relative standard deviation was 0.9 %. This resulted in = 2.386 cm , and equation (1) The gap between the wires is nominally 8 mm, as can be estimated from the grid on the graph paper of spacing 5 mm.
The mean value amounted to 7.88 mm, and the relative standard deviation was 1.2 % . This resulted in = 2.788 cm , and equation (1) yielded = 2.788 . Consequently, the tinsmith could just about achieve the specified precision of around 1 %. Before doing the measurements, the contacting surfaces were freed from any oxide layer by immersing them in citric acid for a few hours. The temperature was 26 ℃. The specific resistance of copper was calculated according to equation (15) and found to be = 1.719 • 10 −8 Ωm. The resulting specific conductance = 1/ was then used in equation (3) . For these transmission lines, the shorting wire could not be neglected anymore in calculating the inductance, as was possible for Kennelly's coils. We had to take the inductance of the shorting wire of axial length into account by subtracting it from the measured raw inductance exp to get the measured inductance of the two-wire transmission line itself:
The reason for simply subtracting was that the shorting wire was oriented at a right angle to the long parallel wires, so that the mutual inductance between the shorting wire and the long parallel ones vanished. The inductance of the shorting wire could not simply be calculated with the help of equation (5) by substituting for , because the requirement ≫ did not hold anymore ( / ≅ 2.4 for the shorting wire, compared to / ≅ 60 for the long parallel wires). Equation (5) is a variant of Wien's formula for arbitrary frequency: It neglects the arithmetic mean square distance AMSD and the arithmetic mean distance AMD of the cross section [14] . For ratios / as small as 2.4, Wien's formula leads to a large error in the order of −30 % at DC ( [14] , Fig. 4 ). In the highfrequency limit, the error even rises to −44 %. For such small ratios / , a more precise formula for the inductance of the shorting wire must be used, namely ([14] , equation
where we have substituted for . At high frequencies the inductance can be well approximated by its high frequency limit. It is obtained by substituting the high-frequency limits for the mean distances in equation (17) (21), (24), and (26), respectively). calculated this way neither depends on temperature, nor on frequency. We got = 4.8 nH ( = 2.386) and = 6.2 nH ( = 2.788), respectively. The measurements of exp were performed with an Agilent ® 4294A Precision Impedance Analyzer with a 42941A Impedance Probe. According to Fig. 10-6 in the user manual, the accuracy of this set-up for inductances around 150 nH was 3 % at 20 kHz and 1 % at 10 MHz. For measuring such small impedances (i.e. (0.4 + 19.4 ) mΩ at 20 kHz for = 2.386), it was important to use a massive piece of copper for the shorting calibration. We used a circular disk of diameter 30 mm and thickness 12 mm . Its contacting surface had also been cleaned with citric acid prior to calibration. The values exp were corrected for by means of equation (16) with the values for given above. The results are presented in Table 3 for = 2.386 and Table 4 for = 2.788. Assuming the standard temperature of 20 ℃ instead of 26 ℃ would change the deviations in both Tables by less than 0.1 %. The limit = 100 in the reference data was clearly exceeded in most of the measurements. But even so, the results from the analytical approximation remained precise. In more usual wires, i.e. in ones of smaller diameter than in our experiment, like e.g. ∅ = 1 mm, = 479 corresponds to a frequency of 4 GHz. Tables 3 and 4 confirm the validity of our approximation also for large . The maximum deviation of 2.4 % from Table 4 lies below the one of 4.2 % from Table 1 . Thus, our initial apprehension that at higher there might be larger deviations has been dispelled. Furthermore, Fig. 10 demonstrates that the two-dimensional function defined by equations (11) - (14) even extrapolates smoothly and plausibly up to infinity in both and . Nevertheless, the measured results in Tables 3 and 4 seem to contradict a continuous decrease of the inductance for high enough frequencies, since, in contrast to the calcu-lated values , the measured ones seem to increase again slightly but continuously beyond 3 − 5 MHz. We suspected that this might be the effect of a measuring artifact caused by a resonance somewhere far beyond 10 MHz. Indeed, letting the Impedance Analyzer scan beyond 10 MHz revealed that the measured inductance seemed to continue rising with ever increasing slope, finally culminating in a maximum at the resonance frequency. In the first transmission line ( = 2.386), the resonance was observed at 81.3 MHz, and in the second one ( = 2.788) at 79.9 MHz. Knowing the capacitance allows to calculate the resonance frequency = 1/(2 √ ), compare it to the measured values and maybe confirm that the artifact was indeed due to LC resonance. Figure 10 : Pseudo 3D plot of the analytically approximated ratio / for very large and .
We had to add the inductance of the shorting wire to because the measurements were always done on shorted transmission lines:
= + . The capacitance of two parallel cylinders in the vacuum is given by ([16] , equation 2) nH , and = 78.0 MHz . The calculated resonance frequencies agreed to −0.9 % and −2.4 %, respectively, with the measured ones. This confirmed the suspected nature of the resonance. Using equation (5) for calculating or, equivalently, neglecting the AMSD and AMD in equation (17), would yield = 2.7 nH ( = 2.386 ) and = 4.0 nH ( = 2.788 ), respectively. The inductances would be 44 % and 35 % too small, respectively. Consequently, the deviations in Table 3 would all worsen by 1.39 − 1.50 %, and those in Table 4 by 0.99 − 1.04 %. Equation (17) for calculating the inductance of short wires as published earlier ( [14] , equation (33)) was never tested experimentally. Our result of consistent worsening of when is not calculated according to the full equation (17) represents a first tentative and indirect experimental confirmation of this equation. By the way, equations (11) - (14) for and equation (18) for allow to compute the precise wave impedance of twowire transmission lines, even in function of the frequency, via the equation = √ / .
Conclusions
It seems that not much information is available on the inductance of cylindrical two-wire transmission lines in the literature, and that its calculation requires extensive numerical computations.
In this paper we have produced systematic data of the inductance of cylindrical two-wire transmission lines with proximity effect at various wire distances and frequencies by means of the finite filament method. To achieve sufficient accuracy, very large systems of linear equations had to be solved. As a result, we were forced to deploy the calculations to an external computer with very large RAM. We have shown that the proximity effect cannot be neglected in inductance calculations unless the interaxial distance between the wires amounts to at least four wire diameters.
We have further presented figures of the current distribution in various representative situations, and we have discussed them in detail.
The main aim of the paper has been to develop a simple but precise analytical approximation for the inductance of cylindrical two-wire transmission lines and rectangular coils of closely spaced cylindrical wires of any size taking the proximity effect into account. To this end we have used our data of numerically computed inductances as a reference for constructing a two-dimensional fit with elementary functions. The comparison of the inductances obtained from the analytical approximation with measured results has confirmed its precision up to very high frequencies ( = 480 or = 4 for wires of ∅ = 1 mm). Our analytical approximation dramatically reduces both the time and storage capacity needed to calculate the inductance of two-wire transmission lines considering the proximity effect. For all 768 parameter combinations of our reference data, the reduction is from one week on an Intel Xeon processor operating at 2.3 GHz with 256 GByte RAM in the Amazon EC2 cloud to 0.01 seconds and a few kByte on a usual PC.
